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Anti - plurr canonical systems on Fano varieties :

Theorem 1.4 : ✗ a d-dimensional Fano type variety . \ effective
IX. B) E- to Calabi-Yau , B big , coeff (B) ≥ Siro . / bi rationality.
Then I -mk× / is birational for some mi-mcdie.SI

.

Theorem 1.7 : Let × be a d- dimensional Fano type variety} Bountiesof comp
Then ✗ admits a NHI - complement . for FT

Theorem 1.11 : The class of d- dimensional '

exceptional Fano } Boundedness

of exc

varieties forms a bounded family .

Fano .

Definition :
X Fano is called exceptional if for every

◦ ≤ Bra - Hx ,
the

pair
CX , B) is * It .

boundedness effective foundednew
of comp first . of exc

Today 's goal : Theorem 1.7 H - 1) + Theorem 1.4 (d) + Theorem 1.11 Cd )
-

I 1
Theorem 1.7 (d) Goal starting

from next week .



Proposition 1 (Lifting of complements ) :

Let (11,13+14) be a generalized to
pan

with - (Kxtbttllisnef .

✗ Fano type . Assume CXiI+aM ) is Q - factorial generalized pit
for some I ≥ 0 and ✗ c- Corsi

.

Assume - CH×&I+aM ) ample

and S - LII C- LBJ
.
Then :

1*1 1-1%11,6×1 -mlkxi-BTMN-HT.S.osc-mltrstbstM.IN
.

for m so that mlkxtb +MI is Weil .

Remark : S is Fano type in the previous statement .



Proposition 2 ( Lifting of complements ) .
✗ Fano type .

IX. 8+141 is gdlt &- CK×+B+M ) nef .

Assume there exists Bs ≤ B & a c- Will s -

t

IX. B. + and is gdlt not grit & - Ckx + B. + att ) is big + nef .

Then ,
there exists a diagram as follows :

Fano type S
'

- ×
'

y y
• & only extracts si
• X

'

Fano type .
×

Hi 1×1,0×11 -m Ckx't e-1*8+5+14 ' D)→ H°(G. Clsitmcks' + Bs ' +MoD
.

surjective ,
whenever m( Hx -1-13+14 ) is Weil

.

Remark : IX. Btm ) generalized Jlt & X Fano type
CXIBTM ) is not grit & {134+14 is big and net .

Then we can lift complement lower dimensions
.



Proof :

Steps : Find new divisor Bz ≤ Bs
.

82--1> Be with 6<1
.
✗→ V defined -CHxtB

, + am )

Ron - (H×+BztabM ) - MHP over 11
.

✗ - -→ ×
'

- (14×+82+0.614) is nef.

'
new Ei

- ( Kx 't Bi tab MI Il -ti - (Kx' 1- Bit AMIT is big & nef .

for t small enough .

replace Ba with a-f) Bit Bit

ocbm with a- t)abM tatty

✗ with X
'

fil IX. Btm ) gdlt - CKxtBtMI net

in (X , Bitoumlgdlt not grit & - Ctxtbitam ) by & net .

{ iii) IX. Bztocbtl ) gklt & - Ckx + Bztoubtl ) big & nef .



Step 2 : We produce an anti - ample pair
.

- thx + B , + a M ) - a A. + E

↑
ample
[ effective

Does E contain
any glcc of CX . Bit a. 141 ?

No
. ( X , B , + e E + a M )→ gendlt .
- (Nxt B. + EE + am ) ~ a CI - e) (÷ A + C- Hx +Bitam ))

w TFFF ample
-I.

antrample
gon pit

Yes
,

t : = glct ((X , Bztoubtl ) ; Et Bi - Bz) . We have
.

( X , Bz + 1- (Etbi - Ba) tab M ) r-glc.tv
- (Kx + Battle + Bi - Bz ) tab M ) =

- (Nxt Bit ate ) t Bi - Ba - 1- CE +Bi -Bz ) + act - b)More
-
•

At E + 11 - t ) (Bi - Ba) - TE + all - b) M =

1-At Cl - t ) ( At E + (Bi - Ba )) tall - b) M na

TA - G- t ) ( H ✗ + Bztabtt ) t tact- b)

M.nl#&=Bz+tlE+Bi-BD
ample .



IX. ④ + oobtl )
yen

to + anti - ample .

Steps : Reduce to the gplt case

Lot -1-0 . Then , perturbing coefficients we obtain gplt .

+
(② 1=0 (X

'

, ④
'

+ out µ )→ (X
,
④ + ab M )

② - fact gendlt modification

E. = reduced exceptional of µ .

' + Etalon ) - MMP over ✗
, by neg

lemma it terminates on ×
.

×
'

- - - -- → ×
"
≥ S

"

✓ gdlt not grit
- thx" + S" tablet " ) ample over ×-¥

5
"

appears with coeff 1 in

( X" , ④
"

tatty
"

)
→ anti - big

+
anti - net

[ gdlt not grit

Taking linear combinations , we get to the case :

gtlt t
not gtolt anti - ample .

☐ .



Proposition 3 ( complements for nongtlt pairs ):
Asoome existence of boosted complements for Fano type pans } it
of dimension d-1

.

1×113+14 ) glc & anti - nef .

✗ Fano type

1×113+14 ) is not grslt , either xtBE ,
or Mio .

↳

UThen IX. Btm ) admits a founded complement .

- Ni - - (K×tBtµ ) Hx+B+M+ N -ao
-

I 80
b-neg divisor

0

Proof : X - - - → ×
'

defined . by - ltrxtbtm )

f.←
M - trivial

.

M - MMP over 2-I
2-a- V

• Jim 11 < Jim X
'

,
then we can use the canonical bundle formula
and lift complements from 11

.

• Jim 11 = Jim X
'

,
M is big + nef

( X , B + am ) with 2<1

- CK ✗ +Bta M ) is big and nef .

The statement follows
by Proposition 2 .



Remark : Now
, we have bounded complements

for glc pairs which are not grit & MXao .

- 0-

Proposition 4 ( complements for strongly non - exceptional )
Assume existence of bounded complements for Fano type pairs
of dimension d-1

.

✗ Fano type . IX. BTM ) is glc .
- CK×+B+M ) nef .

(XiB+M ) is strongly non - exc .
Then (Xibttl ) admits abounded comp .

Proof : (X , BtP%+M ) non -g1c comp . t=g1c (1×113+14) ;D ) < 1 .
IX. R' + MY gdlt of IX. Bttp + M)

↓
perturb the coeff sit it has the same caff than B.

- 1K¢ + R' + MY - MMP until it is semi ample

When semi ample , we have that _ Ckx ' +R' +M ')Xao .

We can apply Prop 3 to conclude that

(X
'

,
R' + Ml ) and hence CX , Bt M ) admits a bounded

complement ☐



Proposition 5 ( Index conjecture for Fano type pairs ) :
A-some existence of bounded complements for Fano type pairs
of dimension d-1

.

fsfrmte
✗ J -dimensional Fano type . ,

(Xi B) to
, coeff (B) ≤R

Nxt Bnao
.

Then NCH✗ +B) no for some N only

depending on J & R .

Step 1 : We reduce to the case in which ✗ is e- Ic .

& PCXI =L .

This is a simple application of ACC for Ict 's .

If 2 Jin over × has log discrepancy •

°"} ↳
on R&d .

we can extract it and increase its coeff to I .

✗ - - - → ×
'

Jim T so , canonical bundle formula
µ ↓ MFS

g
( Xx 't B' ) - µ* CKT + Bt + Mt)

T J
controlled index

by int on dimension
.

We
may assume T - pt . pcx

' ) =L



Steps : Introduce some divisors A & R .

By Theorem 1.4 : 1-nH× / defines a birational map .

• ×
'

∅
* c-ntxx ) ~ A 't R'

↓ A will be the pushforward to ✗ of a✗
× general member of 1A 't .

R= 01*12!
IX. B) is Ic

n ( *✗ + £ Attn R ) no ( Xo £ Attn R) is Ic .



Steps : We define ↳ & N .

- £ B+ In R N - A .

yen pair
- with b- net dinner N

2h ( text d+N ) - 2h (H×t£B+£nR&ÉnA)
→ nctrx +B) tnK×&P# -

°
.

~ nctxt B)

kx+d+N noo → not grit Cglc) then we are done
,

Step : We show the statement when CX.atN ) is tilt .

E' = min { & , In } .

Clams CXidtN ) is d- Ic
.

0 < OC ( D ,
X / Lit N I < E '

.

a. (D. X , + N ) = { a CD , X ,B) + £ a CD ,
X
, £R+£A )

: :
then > e. then 3£ .

CX.LI/-N)k1t,LtNbrgicoeffL+N are in a finite set}
✗ tht N is On - tmeral (X,

It N ) is e
'
- le

Hawn - Xu → ✗ belongs to a bounded family .

☐
.



Proposition 6 ( complements for non - exceptional )
Assume existence of boosted complements for Fano type pairs
of dimension d-1

.

✗ Fano type . IX. BTM ) is glc .
- CK×+B+M ) nef .

(XiB+M ) is s☒ non - exc .
Then CXiBtH ) admits about.ly .

Complement ,

Proof : (X , B+P%+M ) non -g1c comp . t=g1c ((✗Btw ) ;pJ≤ 1 .
IX. R' + MY gdlt of IX. Bttp + M)

↓
perturb the coeff sit it has the same caff than B.

- 1K¢ + R' + MY - MMP until it is semi ample

When semi ample , we have that - Ckx ' +R' +Mi)

We can apply Prop 3 to conclude that

(X
'

,
R' + Ml ) and hence IX. Bt M ) admits a bounded}¥a◦

complement

/ The only case in which we cannot applyIf
-Ctrxitr 't my Prop 3 is when µ none .

I / In this case +R'
- ao so we can

apply Proposition 5 .

☐



boundedness effective foundednew
of comp first . of exc

+ThE + Theorem 1.11 Cd ]

II.
Theorem 1.7 (d) Goal starting

from next week .

Proof : (11,13+14) as in the statement of Thm 1.7

in dimension J
.

If IX. BTN ) is non - exc
.
then Prop 6 implies it

admits a bounded complement .

If LXIBTM) is exc . Thin Ist et) implies it belongs
to a bounded family .

In this bounded family we

can find a universal constant for which

I c- I - .NlKx+BtM ) ) is a bpf linear system
T

(✗ , Bt I/N +M ) is a N - comp .

general
☐ .


